The main objective of this paper is to perform a comparison of several curve-fitting methods for extraction of the modal parameters from response vibration measurements, and in particular the best damping estimates. Measurements were carried out on a steel beam to which a constrained layer had been added to make the damping more similar to that of vehicle structural components. Two shakers with different excitation signals, a periodic impulsive and a random signal, respectively, excited the structure, but after separation, only the random part was analysed for the results of this paper. This study compares a number of common curve fitting methods, viz: The Rational Fraction Polynomial Method, the Complex Exponential Method, the Complex Cepstrum Method, the Hilbert Envelope Method and the Ibrahim Time Domain method. The most accurate results for detection of the damping and natural frequencies were obtained by using the Ibrahim Time Domain Method, with the Rational Fraction Polynomial method very similar. The Hilbert Envelope method gave comparable damping estimates. The Cepstrum and Complex Exponential methods gave reasonable results for the frequencies, but not for the damping.
INTRODUCTION
Due to the large amount of literature and algorithms currently available for curve fitting structural data, it has become difficult to determine the optimum method for each situation. Therefore, the main objective of this paper is to perform a comparison of several curve-fitting methods for extraction of the modal parameters from response vibration measurements, and in particular the best damping estimates. To define the poles, including frequency and damping, of a system, from the response vibration responses, has always been a difficult task.
Damping exists in all vibratory systems whenever there is energy dissipation. For assembled metal structures most damping is at joints or in attached damping materials. For free vibration, the loss of energy from damping in the system results in the decay of the amplitude of motion. In forced vibration, loss of energy is balanced by the energy supplied by the excitation. In either situation, the effect of damping is to remove energy from the system. In mathematical formulations the damping force is usually treated as viscous, and assumed proportional to velocity. However, this does not mean that the physical damping mechanism is viscous in nature; it is simply a convenient modelling method.
In this work, measurements were carried out on a steel beam to which a constrained layer had been added to make the degree of damping more similar to that of vehicle structural components. Two shakers with different excitation signals, a periodic impulsive and a random signal, respectively, excited the structure. It had been demonstrated in previous research [1] that it was possible to consider each component separately, and gain information from each that together provides a better estimate of the system response. With a single periodic impulsive excitation, the periodic response could be used to determine the residues, or equivalently the zeros of the system Frequency Response Function (FRFs), but the lack of resolution gave poor damping estimates. More accurate pole frequency and damping estimates could be obtained from the random part, even where this resulted from multiple or distributed sources. The current comparison of analysis methods applies to the random part only. Where necessary, the system was considered to be minimum phase, meaning that only the log amplitude spectra were required. The following common curve fitting methods were used for the comparison: the Rational Fractional Polynomial method (RFPM), the Complex Exponential method (CEM), the Hilbert Envelope method (HEM), the Cepstrum method (CM) and the Ibrahim Time Domain method (ITDM). The flowchart of Fig. 1 shows the process used to identify the poles (including damping). 
THEORETICAL BACKGROUND a) The Cepstrum Method (CM)
Cepstrum analysis was first defined as far back as 1963 by Bogert et al [2] . It was proposed at that time as a better alternative to the autocorrelation function for the detection of echoes in seismic signals. The word cepstrum was coined by reversing the first syllable in the word spectrum. The cepstrum exists in a domain referred to as quefrency (reversal of the first syllable in frequency), which has units of time. In later years this method has had a variety of applications in areas such speech and image processing, and gear and reciprocating machine diagnostics. Generally the cepstrum is defined as the inverse Fourier transform of the logarithmic spectrum [3] .
where C is the complex cepstrum.
The real cepstrum of a digital signal x(n) is defined as:
with X(k) as the discrete Fourier transform (dft) of x(n) and idft as the inverse discrete Fourier transform.
The complex cepstrum is defined as:
Response vibration measurements which is actually real since the log amplitude is even and the phase is odd. Note that the complex cepstrum of a minimum phase function is causal and can be obtained from the real cepstrum by setting negative quefrency components to zero, and doubling positive quefrency components, since the phase of the spectrum is the Hilbert transform of the log amplitude [4] . Thus, in that case the phase does not have to be measured or unwrapped. This assumption was made in this paper, and used also to generate complex spectra from log amplitude spectra. To curve fit the cepstrum data and obtain the poles and zeros, the software developed earlier [5] was used.
b) The Complex Exponential Method (CEM)
The well-known curve-fitting algorithm called the Complex Exponential Method (CEM), or Prony Algorithm works in the time domain. The time series are represented as sums of complex exponential functions [6] representing impulse responses.
where
Here, A k is the amplitude of the complex exponential, α k is the damping factor, Φ k is the initial phase, T e is the sample interval, and f k is the natural frequency. The CEM algorithms are multi-step procedures: An AR (Autoregressive) fit is first performed, the roots are found corresponding to the AR coefficients for the complex exponential (frequency and damping) parameters. The roots are then filtered and least squares fitted for the complex amplitude parameters. The complex exponentials give the corresponding damping factors and the natural frequencies. The damping can be calculated by the following equation:
c) The Hilbert Envelope Method (HEM)
The complex exponentials of Equation (6) have an envelope defined by the first part, and as shown in Equation (7), the (negative of the) slope of the logarithm of the envelope defines the damping coefficient. Where the different natural frequency peaks are separated, they can be filtered out in the frequency domain and inverse transformed to give the equivalent single degree of freedom (SDOF) impulse response, from whose envelope the damping can be obtained. Figure 2 shows the impulse response of an SDOF system and how its envelope can be obtained by means of a Hilbert transform. In fact, if a one-sided spectrum is inverse transformed to the time domain, the resulting time signal is analytic, meaning that its imaginary part is automatically the Hilbert transform of the real part and its modulus is the envelope [3] . Since the Hilbert transform corresponds to a convolution with a hyperbolic function, it cannot produce a sudden step as illustrated in Fig. 2(b) , but a little away from the initial part of the response the estimated envelope is accurate and its logarithm gives a straight line whose slope is the negative of the damping coefficient.
d) The Ibrahim Time Domain Method (ITDM)
This method was introduced in 1977 [8] , and it has been widely used by the aerospace community for identification of modal parameters. Gao [9] presented an extensive research work using the ITD for extraction of modal parameters. The ITD method uses structural free response data to construct two response matrices with a certain time delay between them. The delay relationship is used to form an Eigen-Value Problem (EVP) [9] . The natural frequencies, damping factors and modes can be extracted by solving the EVP. The ITD method is based on structural free response data and can deal with different type of signals, such as from impact excitation, random decrement of random processes or from turning off of any type of continuous excitation. The ITD method allows an oversized mathematical model to provide an outlet for various types of noise contained in the measured response data. The use of an oversized model, however, gives rise to the difficulty of distinguishing true physical from computational modes. To overcome this, Gao put forward a modedistinguishing factor, the Mode Shape Coherence and Confidence Factor (MSCCF) [9] . It was found that this factor was very powerful in distinguishing true physical modes from noise modes and frequency folded and overlapped modes (where, because of aliasing the true angle of a pole in the z-plane, could be outside the range [0:π]). The reader is referred to [9] for a more detailed explanation. 2 -The Hilbert transform enables computation of the envelope of the Impulse-response function [7] .
e) The Rational Fraction Polynomial Method (RFPM)
The rational fraction form of a transfer function is the ratio of two polynomials, with the roots of the numerator giving the zeros, and the roots of the denominator giving the poles (Equation (8)). In general, the orders of the numerator and the denominator polynomials are independent of one another. The denominator is referred to as the characteristic polynomial of the system. By curve fitting FRF (frequency response vibration data) against the analytical form in Equation (8), and then solving for the roots of both the numerator and the characteristic polynomials, the zeros and poles (including damping) of the transfer function can be determined. Curve fitting in the RFPM consists of finding the unknown (a k , k=0,…m) and (b k , k=0…n) such that the error between the analytical expression (8) and the FRF is minimized over the chosen frequency range. To compensate for the effects of unmeasured out-of-band modes, extra zeros are typically added to the model, which helps to correct the residues when the conversion from a pole-zero to a pole-residue model is made [10] . 
MEASUREMENT AND ANALYSIS
Measurements were carried out on a steel beam 1275 mm by 75 mm by 10.3 mm. In order to increase the damping to be of the same order as in vehicle structures, a constrained layer was added to the beam, consisting of a brass shim attached by double-sided tape. The beam was supported on soft springs, so its behaviour in bending was effectively free-free. To generate simultaneous periodic impulsive excitation and broad-band random excitation, two shakers were used. To measure the responses several accelerometers were used. Data was recorded using a B&K Portable Pulse System and the post processing was performed in Matlab. The periodic impulse signal was provided via the Pulse System. The pulse shape was Gaussian, with a standard deviation of 0.2 ms to give a frequency range > 1 kHz. The period was set at 0.5s (giving a resolution of 2 Hz) with 500 repetitions. The measurement set-up can be seen in Figure 3 .
As reported in [1] , the periodic response was extracted by synchronous averaging, and then subtracted from the total signal to give the response to the random excitation. The periodic response was used to estimate the residues of the frequency responses, but because of poor frequency resolution gave poor estimates of the damping, and only reasonable estimates of the natural frequencies. The random response was used to give better estimates of the system poles (frequency and damping) even though in general the random response may result from multiple or distributed inputs. This paper considers only the analysis of the random part of the response.
An important issue with use of any curve fitter is how to compensate the residual effects of out-of band modes since the measurements are always made over a limited frequency range. As a consequence, the measurements will typically contain the residual effects of resonance, which lie outside the frequency range of the curve-fitting. Regardless of whether a curve fitting method uses the time or frequency domain, the residual effects of out-of-band modes must be dealt with. RFPM offered a unique advantage that was not available with the CEM, for instance. With the RFPM, the out-of-band effects can be approximated by specifying additional terms for either the numerator or the denominator [10] . The Complex Exponential method almost always requires the use of extra modes in order to obtain valid results. The difficulty with using extra modes in the model is that the results must then separate out the "real" modes from the computational modes. The complex cepstrum uses an equalizer function (from a similar case or finite element model) in order to compensate for the out-of-band modes [5] . The Ibrahim time domain method uses the Mode Shape Coherence and Confidence Factor to distinguish the physical modes from computational modes [9] . This study used both simulated data and the experimental data. The simulated data can be seen in Figures 4 and 5 . Figure 4 shows: a) The impulse response function, b) The log magnitudes of the mobilities of the individual modes, and c) The log magnitude of the overall mobility. Within the excitation frequency range of 0 Hz to 1024 Hz, six resonance frequencies are clearly seen. 
RESULTS AND DISCUSSION
The results of the analysis of the simulated signals by the different methods can be seen in Table 1 and Table 2 , and compared with the exact values for the simulated data. The most accurate results for detection of the damping and frequencies were obtained by using the Ibrahim Time Domain method with errors in both of the order of 0.1%. The Rational Fraction Polynomial method was only slightly inferior. The Hilbert Envelope method also gave good results for the damping (frequency values were simply read off from peaks in the frequency domain). The Complex Exponential and Cepstrum methods showed quite accurate results for the frequencies, but not for the damping. Table 3 shows the results for values of frequency and damping of the experimental measurements. The true results are of course not known. If on the basis of the simulated results, the ITDM is taken to be best, the RFPM and HEM seem to give reliable results (the latter for damping only). The CM and CEM give reasonable results for frequencies but poorer damping estimates. The damping results from the complex cepstrum are consistently lower than the others (as in Table  2 ). Since the complex Cepstrum comprises complex exponential terms further damped by a 1/n hyperbolic term, it is possible that the "differential cepstrum" which does not have this further damping [5] , may provide better results. This will be tested in the future. 
